A minimal equicontinuous action of a discrete finitely generated group G on a Cantor set X is locally quasi-analytic (LQA) if all elements of G have unique extensions on sufficiently small sets. Examples of LQA actions include topologically free actions. Examples which are not LQA include actions where stabilizers of points are pairwise distinct, as, for instance, the action of the famous Grigorchuk group on the boundary of a binary tree.
Introduction
Let X be a Cantor set, that is, a compact totally disconnected metrizable space with no isolated points. Suppose G is a finitely generated discrete group and Φ : G → Homeo(X) is an action of G on X by homeomorphisms. We write (X, G, Φ) to denote the dynamical system given by the action, and use the short notation g · x = Φ(g)(x) for the action of g ∈ G on x ∈ X throughout the paper.
We assume that (X, G, Φ) is minimal and equicontinuous, and so has a unique invariant measure µ, see Section 2 for definitions and details.
Let G x = {g ∈ G | g · x = x} be the subgroup of elements in G which fix a point x ∈ X. Such a subgroup is called the stabilizer, or the isotropy subgroup of the action at x. A stabilizer G x is trivial if it is the trivial group, that is, G x = {e} where e is the identity in G.
We say that an action (X, G, Φ) is free if the stabilizer of every point in X is trivial, and it is topologically free if the set of points of X with non-trivial stabilizer is meager. For minimal continuous actions this is equivalent to X containing a dense subset of points with trivial stabilizer. The action (X, G, Φ) is essentially free if the subset of points with non-trivial stabilizer has measure zero in X. An essentially free minimal action is always topologically free, but the converse need not hold, see the discussion below.
There are examples of actions such that no point in X has a trivial stabilizer. At the extreme are actions where the stabilizers of any two points are pairwise distinct, such as actions of weakly branch groups, see Section 3.2 for the corresponding definitions. different points are not necessarily distinct, has received less attention, and these are the actions in which we are most interested in this paper.
More precisely, in this article we study the properties of stabilizers of points of a minimal equicontinuous Cantor action depending on its regularity. Thereby, in this work, regularity is quantified by the property of local quasi-analyticity, which is defined further below. We determine how the presence or the absence of this property affects the number of distinct stabilizers of topologically generic points in X. Further, we study the genericity of points with different types of stabilizers in the measure-theoretical sense. As applications, we investigate the properties of invariant random subgroups, induced by Cantor actions, and provide novel examples of mean equicontinuous group actions. In our approach, we combine methods of topological and measurable dynamics together with concepts of foliation theory. We use examples from geometric group theory to illustrate essential aspects and key definitions.
Before we can state our main results, let us recall some basic definitions.
Let (X, G, Φ) be a minimal equicontinuous action of a discrete finitely generated group G on a Cantor set X by homeomorphisms. If a homeomorphism fixes a given point x ∈ X, then either it also fixes an open neighborhood of x ∈ X, or it induces a non-trivial map on any open neighborhood of x ∈ X. We define the neighborhood stabilizer of x ∈ X by
An open set V g in (1) may depend on g ∈ G. The term neighborhood stabilizer comes from [43] . DEFINITION 1.1. Let (X, G, Φ) be a minimal equicontinuous action.
(1) We say that x ∈ X is a point with trivial holonomy, or a point without holonomy if G x = [G] x . (2) We say that x ∈ X is a point with non-trivial holonomy, or a point with holonomy if
[G] x ⊂ G x is a proper inclusion.
The terminology in Definition 1.1 is standard in foliation theory, where it was developed in a more general context of actions of pseudogroups of local homeomorphisms on compact spaces. We recall a basic result by Epstein, Millett and Tischler [18] for foliated spaces, which reads for the case of actions of groups on compact spaces as follows. THEOREM 1.2. Let (X, G, Φ) be an action of a discrete finitely generated group on a compact Hausdorff space. The set of points without holonomy is a residual (dense G δ ) subset of X.
Thus points with trivial holonomy are topologically generic for minimal equicontinuous group actions on Cantor sets.
The concept of a quasi-analytic action was first introduced by Haefliger [26] for actions on connected spaces, and it was generalized to include totally disconnected spaces by Alvarez López and Candel, see [3] . We give a localized version of this definition as formulated in [15] . Characteristics of actions with and without this property were studied in [14, 15, 30, 31, 29] , and certain geometric properties of generalized suspensions of such actions were studied in [15] . Definition 9.4 ] Let X be a Cantor set with a metric, and let G be a discrete finitely generated group. The action (X, G, Φ) is locally quasi-analytic, or simply LQA, if there exists ǫ > 0 such that for any set U ⊂ X with diam(U ) < ǫ, and for any subset V ⊂ U , and elements g 1 , g 2 ∈ G
(2) if Φ(g 1 )|V = Φ(g 2 )|V, then Φ(g 1 )|U = Φ(g 2 )|U.
An action (X, G, Φ) is quasi-analytic if one can choose U = X.
That is, if an action is LQA, then for all g ∈ G the homeomorphisms Φ(g) have unique extensions on subsets of uniform diameter in X. Composing with the inverse of Φ(g −1 1 ) on the left in (2) in Definition 1.3, one deduces that an action is LQA if and only if every element which is the identity on V is also the identity on U , for any U with diam(U ) < ǫ and any open subset V ⊂ U .
Free actions are quasi-analytic, indeed, the only element in G which fixes open sets is the identity. Topologically free actions are quasi-analytic as well [30, Proposition 2.2] . Examples of actions which are locally quasi-analytic but not quasi-analytic are easy to construct: take any quasi-analytic action, and add a finite number of elements which fix an open subset of X but act non-trivially on its complement, see [30, Example A.4] . A minimal equicontinuous action of a nilpotent group is always locally quasi-analytic, in fact, a similar property holds for a more general class of groups with Noetherian property [30, Theorem 1.6] . Examples of actions of finite index torsion-free subgroups of SL(n, Z), for n ≥ 3, which are not LQA are given in [31] . As shown in Lemma 3.5 below, actions of weakly branch groups are not LQA as well.
Our first result shows that there are minimal equicontinuous actions which are not LQA and which have points with equal stabilizers. Therefore, the class of actions which are not LQA is larger than the class of actions where points have pairwise distinct stabilizers. THEOREM 1.4. There exist minimal equicontinuous actions which are not LQA, and which contain distinct points with equal stabilizers. More precisely, given any minimal equicontinuous action (Y, G, Φ), which is not LQA, there exists a minimal equicontinuous action (X, G, Φ), where X = Y × {0, 1}, such that (X, G, Φ) is not LQA, and for any y ∈ Y there are at least two points
are stabilizers of the respective actions.
We proceed to study the number of distinct stabilizers of points for actions which are LQA and which are not LQA. Denote by
the subset of points without holonomy in X. Here is our next result. THEOREM 1.5. Let (X, G, Φ) be minimal and equicontinuous. Then the set {G x | x ∈ X 0 } is finite if and only if the action (X, G, Φ) is locally quasi-analytic.
The result in Theorem 1.5 is optimal in the sense that it cannot be extended to include points with non-trivial holonomy. For instance, Example 2.9 is an example of a topologically free action with a single orbit of points with non-trivial holonomy. All points in X 0 have trivial stabilizers. The stabilizers of points with non-trivial holonomy are pairwise distinct, and so the number of distinct stabilizers of the points of X is infinite.
The famous Grigorchuk group, which acts on the boundary of a binary tree and is described in [7, 23, 38] and other papers, is weakly branch (in fact, the Grigorchuk group is branch, which is a stronger property) and so the stabilizers of all points in X are pairwise distinct. The action of the Grigorchuk group on the boundary of a binary tree has a single orbit of points with non-trivial holonomy [43] , implying that the points in X 0 have an uncountable number of distinct stabilizers.
We now study measure-theoretical properties of (X, G, Φ), and include the unique invariant measure µ into our notation of the action and write (X, G, Φ, µ). We ask the following question. PROBLEM 1.6. Let (X, G, Φ, µ) be a minimal equicontinuous group action on a Cantor set X. Find necessary and sufficient conditions on the action, under which the set of points X − X 0 with non-trivial holonomy has measure zero.
We note that if an action (X, G, Φ, µ) is topologically free, then every point x ∈ X which has nontrivial stabilizer also has non-trivial holonomy. Indeed, for such actions the set of points with trivial stabilizers is dense in X, and so every element which fixes x ∈ X acts non-trivially on any open neighborhood of x. For topologically free actions, Problem 1.6 reads as follows. PROBLEM 1.7. Let (X, G, Φ, µ) be a minimal equicontinuous group action on a Cantor set. Suppose (X, G, Φ, µ) is topologically free. Find necessary and sufficient conditions on the action, under which (X, G, Φ, µ) is essentially free. Problem 1.7 was solved for a special case of actions on trees, generated by finite automata, by Kambites, Silva and Steinberg [32] , see also the discussion below. Examples of actions which are topologically free but not essentially free were given by Bergeron and Gaboriau [8] , and also Abért and Elek [2] . In these examples the sets of points with non-trivial holonomy have positive measure. However, their constructions are quite involved technically, and at the end of Section 6 we give a simpler example of a class of actions where the set of points with non-trivial holonomy has positive measure. Our next theorem gives a partial answer to Problem 1.6, namely, we formulate two sufficient conditions which imply that the set of points with non-trivial holonomy has zero measure in X. We then recover the result of [32] as a consequence.
As we discuss in more detail in Section 3, every minimal equicontinuous action (X, G, Φ, µ) on a Cantor set X has a representation as an action on the boundary ∂T of a rooted spherically homogeneous tree T . Recall that a tree T with a vertex set V = ℓ≥0 V ℓ is spherically homogeneous with spherical index n = (n 1 , n 2 , . . .) if for any ℓ ≥ 1 each vertex v ∈ V ℓ−1 is joined by edges to n ℓ vertices in V ℓ . A tree T is d-ary if n ℓ = d for all ℓ ≥ 1. The spherical index n of T is bounded if there exists an integer m > 0 such that for all ℓ ≥ 1 we have n ℓ ≤ m.
A representation of an action onto the boundary of a tree is given by the pair of maps
where φ : X → ∂T is a homeomorphism, and φ * : Φ(G) → Homeo(∂T ) is a monomorphism induced by φ. Under φ the ergodic measure µ pushes forward to a uniform Bernoulli measure on ∂T which we also denote by µ, see Section 2.4 for details. We discuss the uniqueness of such representation in Sections 3 and 6. The first hypothesis of Theorem 1.9 is the existence of a representation of (X, G, Φ, µ) as an action on the boundary of a tree with bounded spherical index.
The second condition is as follows. For a vertex v ℓ ∈ V ℓ , we denote by T v ℓ the subtree through the vertex v ℓ , and by ∂T v ℓ the subset of ∂T consisting of paths which contain v ℓ . The set ∂T v ℓ is a clopen subset of ∂T . DEFINITION 1.8. Let T be a spherically homogeneous tree, and let G ⊂ Homeo(∂T ) be a group. The action of g ∈ G on ∂T is uniformly non-constant if the following holds: there are positive integers n g and K g such that for any ℓ ≥ n g and any vertex v ℓ ∈ V ℓ if g fixes v ℓ and g|∂T v ℓ = id, then there exists m ≥ ℓ and a vertex w m ∈ V m ∩ T v ℓ such that g · w m = w m and m − ℓ ≤ K g .
The action of the group G is uniformly non-constant if and only if the action of every g ∈ G is uniformly non-constant.
We show that actions on d-ary trees generated by finite automata are uniformly non-constant, see Example 6.3. We give an example of an action which is not uniformly non-constant in Section 6. Intuitively, Definition 1.8 ensures that, given g ∈ G, for every point x ∈ X and for every clopen set U ⊂ X containing x such that g · U = U and g|U = id, there exists a sufficiently large subset W ⊂ U such that every point in W is moved by the action of g. In some cases this condition can also be expressed in a more elegant form using a metric on ∂T , see Section 6.2. To avoid making more choices, we formulate Definition 1.8 in the language of trees rather than using a metric.
Here is our next main theorem. THEOREM 1.9. Let (X, G, Φ, µ) be a minimal equicontinuous group action. Suppose (X, G, Φ, µ) admits a representation (φ, φ * ) : (X, Φ(G)) → (∂T, Homeo(∂T )) on the boundary of a spherically homogeneous tree T which satisfies the following two conditions:
(1) The tree T has bounded spherical index.
(2) The action of φ * (Φ(G)) on ∂T is uniformly non-constant.
Then the set X − X 0 of points with non-trivial holonomy has zero measure.
As a consequence we obtain sufficient conditions for a topologially free action to be essentially free. COROLLARY 1.10. If an action (X, G, Φ, µ) is topologically free and satisfies the conditions of Theorem 1.9, then it is essentially free.
Kambites, Silva and Steinberg [32] showed that an action on the boundary of a rooted d-ary tree generated by finite automata is topologically free if and only if it is essentially free. Since actions generated by finite automata are uniformly non-constant, we recover this result of [32] as a consequence of Theorem 1.9.
The idea of the proof of Theorem 1.9 is inspired by a result of Hurder and Katok [28, Proposition 7.1], where it was shown that in a C 1 foliation of codimenion n of a smooth manifold M , the set of leaves with non-trivial linear holonomy has measure zero. Our setting is very different from the setting of [28] , as for actions on Cantor sets, there are no differentials and the notion of linear holonomy does not make sense. This is the reason we must impose additional assumptions on the action to obtain our result. REMARK 1.11. The condition that an action admits a representation onto the boundary of a tree with a bounded spherical index is a natural one. Boundedness of the spherical index ensures that the tree T , with an ultrametric defined in Section 2, has finite Assouad dimension, and therefore can be embedded into a Euclidean space by a bi-Lipschitz homeomorphism [4, 9, 36, 35] . If G is finitely generated, then the action (X, G, Φ, µ) can be suspended to obtain a lamination [15] . A lamination is a compact connected metric space where each point has a neighborhood homeomorphic to the product of a Euclidean disk and a Cantor set, and so it naturally decomposes into path-connected components, called the leaves. A natural question is when a given lamination admits an embedding as a foliated subset of a foliated manifold. Such an embedding must necessarily be bi-Lipschitz, so as to preserve the dynamical properties of (X, G, Φ, µ) [27] . Therefore, a necessary condition for the existence of a bi-Lipschitz embedding of a lamination into a foliation of a smooth manifold is that the transverse dynamics of the lamination is conjugate to an action on the boundary of a tree with bounded spherical index.
To finish, we provide applications of our results concerning the existence of non-atomic invariant random subgroups and a rich class of novel mean equicontinuous group actions Let Sub(G) be the set of all closed subgrops of a finitely generated discrete group G. The set Sub(G) is equipped with the Chaubaty-Fell topology, and becomes a compact totally disconnected space. For the case when G is a countable group, basic open sets on Sub(G) are of the form [43, 7] 
where A and B are finite sets. The group G acts on Sub(G) by conjugation. For an action (X, G, Φ, µ) consider the mapping
which assigns to each x ∈ X its stabilizer. Stabilizers of points in an orbit of x ∈ X are conjugate, so the mapping St maps the orbit of x ∈ X onto the orbits of G x in Sub(G). Unless the stabilizers of points in X are pairwise distinct, the mapping St is not injective. The pushforward ν = St * µ of the invariant measure µ is an IRS [1] .
The term invariant random subgroup was first introduced in Abért, Glasner and Virag [1] , and the study of IRSs has been an active topic of research in the recent years, see, for instance, surveys by Gelander [21, 22] . For discrete groups, acting on trees, the dynamics-related questions considered in the literature are of two types. First, one can study the properties of IRSs induced via the mapping (5) for a particular group. Second, for a group G of homeomorphisms of a tree T , one can choose an IRS on Sub(G), which is not necessarily induced via (5) , and use the properties of the action of G to study the properties of the IRS. Examples of the studies of the first kind are [12, 7] , and of the second kind are [10, 44] , where the properties of IRSs for weakly branch and branch groups were considered. See also references in [21, 22, 12, 7, 10, 44] for other work on IRS.
In this paper, we study the relation between the regularity of a minimal equicontinuous action (X, G, Φ, µ), and the properties of the invariant random subgroup ν = St * µ induced on Sub(G) via the map (5) . The subtle aspect is that the map (5) is usually not continuous, with points of discontinuity being precisely the points with non-trivial holonomy [43] . For actions where the points with non-trivial holonomy have measure zero, Theorems 1.5 and 1.9 lead to the following result. For the set X 0 of points without holonomy, defined by (3), consider the topological closure
THEOREM 1.13. Let (X, G, Φ, µ) be a minimal equicontinuous action on a Cantor set X which satisfies the hypothesis of Theorem 1.9. Then the IRS ν = St * µ is supported on Z, and (X, G, Φ) is not locally quasi-analytic if and only if ν is non-atomic. If, in addition, the restriction St : X 0 → Sub(G) is injective, then St provides a measure-theoretical isomorphism between (X, G, Φ, µ) and (Z, G, ν).
The question when the IRS ν is supported on the set Z was raised in [23, p.123] , and Theorem 1.13 provides a partial answer to that question. Points without holonomy are called G-typical points in [23] . The second part of the previous statement is a partial answer to [23, Problem 8.2] .
As already mentioned, there are examples of actions where the sets of points with non-trivial holonomy has positive measure. The following problem is then natural. PROBLEM 1.14. Let (X, G, Φ, µ) be a minimal equicontinuous action on a Cantor set X, and suppose the set of points with non-trivial holonomy in X has positive measure. Describe the properties of the IRS ν = St * µ induced on Sub(G) via the map (5).
Finally, let us indicate the consequences of our results with respect to mean equicontinuous group actions. For this recall that an action (X, G, Φ) is a (topological) factor of another action (Y, G, Ψ) if there is a continuous surjection ψ : Y → X with ψ(Ψ(g)(y)) = Φ(g)(ψ(y)) for all g ∈ G and y ∈ Y . In this case, ψ is called a factor map and (Y, G, Ψ) is also referred to as a (topological) extension of (X, G, Φ). If ψ is further injective (and hence, a homeomorphism), we say (X, G, Φ) and (Y, G, Ψ) are conjugate and call ψ a conjugacy.
To proceed, let
and denote by Φ the natural action of G on X which acts in the first coordinate by Φ and in the second by conjugation. Then ( X, G, Φ) is an extension of (X, G, Φ) via the factor map η : X → X which is the projection to the first coordinate. By [25, Proposition 1.2], we know that ( X, G, Φ) is minimal and η is almost one-to-one, meaning the set
First, we obtain an alternative characterization of LQA actions using Theorem 1.5. THEOREM 1.15. Let (X, G, Φ) be a minimal equicontinuous action. Then (X, G, Φ) is locally quasi-analytic if and only if the almost one-to-one extension η : X → X is a conjugacy.
To state the definition of mean equicontinuity, recall that a countable discrete group G is amenable if there is a sequence {F ℓ } ℓ≥0 , called a (left) Følner sequence, of non-empty finite sets in G such that
where △ denotes the symmetric difference. Now, given an action
where the supremum is taken over all Følner sequences {F ℓ } ℓ≥0 . For more information about mean equicontinuity, see for instance [20] and references therein. COROLLARY 1. 16 . Suppose a minimal equicontinuous action (X, G, Φ) satisfies the conditions of Theorem 1.9 and that G is amenable. Then the action ( X, G, Φ) is mean equicontinuous.
Note that in the previous corollary the action ( X, G, Φ) could be a trivial extension, in the sense that it is equicontinuous as well (e.g., for odometer actions). However, since η is almost one-to-one, this can only happen when η is a conjugacy, see Section 7.2. This in turn implies that if (X, G, Φ) is not LQA, then ( X, G, Φ) is a non-trivial mean equicontinuous system, by Theorem 1.15. For instance, any group generated by bounded finite automata (see Example 6.3 for definitions) is amenable [6] . If in addition the group is weakly branch, then the extension ( X, G, Φ) is non-trivial.
The rest of the paper is organized as follows. In Section 2 we recall the necessary background on the properties of equicontinuous actions. In Section 3 we show that every minimal equicontinuous action admits a representation as an action on the boundary of a rooted spherically homogeneous tree. We discuss the uniqueness of such representation, and prove that actions of weakly branch groups on the boundaries of d-ary trees are not locally quasi-analytic. In Section 4 we recall the definition of an invariant random subgroup. We prove Theorems 1.4 and 1.5 in Section 5, and Theorem 1.9 in Section 6. In Section 7 we discuss applications of our results proving Theorems 1.13 and 1.15 and their corollaries.
Acknowledgements: The authors thank Steven Hurder for explaining his proof of [28, Proposition 7.1], and for useful discussions.
Equicontinuous actions
We recall some basic properties of group actions on Cantor sets.
An action Φ : G → Homeo(X) of a discrete finitely generated group G on a Cantor set X is equicontinuous if X admits a metric d such that for all ǫ > 0 there is δ > 0 such that for any g ∈ G and any x, y ∈ X with d(x, y) < δ we have d(g · x, g · y) < ǫ. An action (X, G, Φ) is minimal if the orbit G(x) = {g · x | g ∈ G} of every x ∈ X is dense in X. In this paper, (X, G, Φ) is always minimal and equicontinuous.
Let A ⊂ X and suppose for every g ∈ G we have g · A = A. In this case we say that A is invariant under the action of G. Additionally, assuming that A is closed, (A, G, Φ A ) will denote the restriction of (X, G, Φ) to A and we call A a minimal subset if (A, G, Φ A ) is minimal.
2.1. Group chains. Our main tool in working with minimal equicontinuous actions are group chains. In this section we explain how a group chain defines a minimal equicontinuous action on a Cantor set.
For each ℓ ≥ 0 the coset space X ℓ = G/G ℓ is finite, and there are inclusion maps
induced by the inclusion of groups G ℓ+1 ⊂ G ℓ . The inverse limit space
is a Cantor set in the relative topology, induced from the product (Tychonoff) topology on ℓ≥0 X ℓ . We denote by (g ℓ G ℓ ) ℓ≥0 sequences of cosets in X ∞ . Basic sets in X ∞ are given by
The group G acts on the left on every coset space X ℓ , permuting the cosets in X ℓ , and there is an induced action by homeomorphisms on the inverse limit
Since the action of G on every coset space X ℓ , ℓ ≥ 0, is transitive, the action (10) on X ∞ is minimal. The space X ∞ can be given an ultrametric D, for example, by
that is, this metric measures for how long the sequences of cosets (g ℓ G ℓ ) ℓ≥0 and (h ℓ G ℓ ) ℓ≥0 coincide. Since G acts on each coset space X ℓ , ℓ ≥ 0, by permutations, it acts on X ∞ by isometries relative to the metric D. In particular, this action of G is equicontinuous.
The choice of metric in (11) is not unique. For example, we can define
and (10) is equicontinuous with respect to the metric (12) as well. The metrics (11) and (12) are equivalent.
2.2.
Adapted clopen sets and group chain models. In this section, we show how to associate a group chain to a minimal equicontinuous action (X, G, Φ), where X is a Cantor set, and G is a finitely generated discrete group.
Let CO(X) denote the collection of all clopen (closed and open) subsets of X, which form a basis for the topology of X. For φ ∈ Homeo(X) and U ∈ CO(X), the image φ(U ) ∈ CO(X). The following result is folklore, and a proof is given in [30, Proposition 3.1].
That is, the translates of an adapted set by the action of G form a partition of the Cantor set X. DEFINITION 2.5. Let (X, G, Φ) be a minimal equicontinuous action and x ∈ X. A properly descending chain of clopen sets U
The following result is folklore, a proof can be found in [14, Appendix A]. PROPOSITION 2.6. Let (X, G, Φ) be a minimal equicontinuous action. Given x ∈ X, there exists an adapted neighborhood basis U x at x for the action Φ.
For an adapted set U ⊂ X, consider the collection of elements in G which preserve U , that is,
Then G U is a subgroup of G, called the stabilizer of U , or the isotropy subgroup of the action of G at U . Since the orbit of U under the action of G is finite, G U has finite index in G.
Fix x ∈ X, and let U x = {U ℓ } ℓ≥0 be an adapted neighborhood basis at x ∈ X. Denote by G ℓ = G U ℓ the stabilizer of U ℓ . Since U ℓ+1 ⊂ U ℓ , every element in G which stabilizers U ℓ+1 also stabilizers U ℓ , and so there are inclusions G ℓ+1 ⊂ G ℓ . Thus associated to an adapted neighborhood basis U x at x ∈ X, there is an infinite group chain G x = {G ℓ } ℓ≥0 of isotropy subgroups of G at the sets of U x .
For each ℓ ≥ 0, the translates
The maps κ ℓ are equivariant with respect to the action of G on X and X ℓ . Taking the inverse limit with respect to the coset inclusions X ℓ+1 → X ℓ , we obtain a homeomorphism
which conjugates the actions of G on X and X ∞ , the latter being given by (10) . By construction, we have κ ∞ (x) = (eG ℓ ), where eG ℓ is the coset of the identity e in G/G ℓ .
For a given action (X, G, Φ) the choice of an adapted neighborhood system U x is not unique, and so the choice of a group chain G x associated to the action is not unique. The relations between the group chains representing the same conjugacy class of minimal equicontinuous actions were studied in detail in [19, 14] , where the following result was proved.
Let G be a discrete finitely generated group, and let
and (X ′ ∞ , G) be minimal equicontinuous actions associated to G and G ′ by (8) and (10). Then (X ∞ , G) and (X ′ ∞ , G) are conjugate by a homeomorphism φ : X ∞ → X ′ ∞ if and only if there exists a sequence of elements {g ℓ } ℓ≥0 ∈ G such that for any n ≥ 0 and any ℓ > n g n G n = g ℓ G n , and, possibly after passing to a subsequence, there are inclusions
The condition g n G n = g ℓ G n for ℓ > n in Proposition 2.7 ensures that the chain {g ℓ G ℓ g −1 ℓ } ℓ≥0 is a descending group chain as in Definition 2.1.
REMARK 2.8. The inclusions (15) impose restrictions on the indices of subgroups in the chains
are distinct primes, and |G : G ℓ | = d ℓ for some integer d ≥ 2, then the actions defined by the group chains G and G ′ are not conjugate, since the set of primes which divide d is finite.
2.3.
Stabilizers of points and group chains. Let (X, G, Φ) be a minimal equicontinuous system, let U = {U ℓ } ℓ≥0 be an adapted neighborhood basis at x ∈ X, and let G x = {G ℓ } ℓ≥0 be an associated group chain. The kernel of the group chain G x is the subgroup
of elements in G which fix x, so the kernel of the group chain at x is its stabilizer G
is a group chain at y, and we can compute the stabilizer at y
If y is in the orbit of x, that is, y = h · x for some h ∈ G, then we can choose g ℓ = h, and in this case the stabilizers G x and G y are conjugate subgroups of G. If y is not in the orbit of x, then the stabilizers G x and G y need not be isomorphic, as the following example shows.
where e denotes the identity in G, let G ℓ = a 2 ℓ , b for ℓ > 0, and G 0 = G. This example is very well-studied. For instance, the action defined by this group chain is conjugate to the action of the iterated monodromy group associated to the quadratic Chebyshev polynomial, see [38] and [34] . The group chains representing this action were studied in [19] and [14, Example 7.5] .
Consider the dynamical system associated to this group chain G x = {G ℓ } ℓ≥0 by the construction in Section 2.1. One can show that for all ℓ ≥ 1 the cosets in X ℓ = G/G ℓ are represented by the powers of a, and so for each x ∈ X, the orbit of x is given by
The isotropy groups of the points in G(x) are conjugate to G x , more precisely, G a n ·x = a n ba −n .
If y ∈ X ∞ is not in the orbit of x, then by [19, 14] the stabilizer of y is trivial, G y = {e}. In particular, this means that the action of G on X ∞ defined by G x is topologically free.
We show that the stabilizers of the points in G(x) are pairwise distinct. To obtain a contradiction, suppose that G x = G a·x . Then aba −1 = b, which implies that
which is not true since G is infinite. The claim follows by applying a similar argument to the stabilizers of arbitrary points in G(x).
2.4.
Uniform Bernoulli measure on X. Let (X, G, Φ) be a minimal equicontinuous action, then the closure E = Φ(G) ⊂ Homeo(G) in the uniform topology is a profinite compact group, called the Ellis, or enveloping group [5, 17] . The group E acts on X, the isotropy group
= x} of its action at x is a closed subgroup of E, and we have X = E/E x . The group G is identified with a dense subgroup of E, and so there is an action of G on E. The Haar measure µ on E is invariant with respect to this action and ergodic. The measure µ on E pushes down to a measure µ ′ on X, and with this measure (X, G, Φ) is uniquely ergodic [13] .
Given a group chain G x = {G ℓ } ℓ≥0 associated to the action (X, G, Φ) at a point x ∈ X, one can define a uniform Bernoulli measure µ on the space X ∞ in (8) by setting for every basic set U g,m , defined by (9),
where |G : G m | is the index of G m in G. This measure is easily seen to be invariant under the action of G, and hence coincides with µ ′ . A consequence of this statement is that the measure µ in (16) is independent of the choice of a group chain G x .
Actions on trees
In this section, we represent a minimal equicontinuous action (X, G, Φ) as an action on the boundary of a spherically homogeneous tree T . Actions on trees, especially self-similar actions on d-ary trees, d ≥ 2, are an active topic in Geometric Group Theory, see [38] for an overview of developments up to 2005, and [23, 24] for more recent surveys. In the following we review certain topics about actions on trees.
Trees and group actions.
A tree T consists of a set of vertices V = ℓ≥0 V ℓ , where V ℓ is a finite vertex set at level ℓ, and of edges joining vertices in V ℓ+1 and V ℓ , for all ℓ ≥ 0, such that every vertex in V ℓ+1 is joined by an edge to a single vertex in V ℓ . A tree is rooted if |V 0 | = 1. A tree T is spherically homogeneous if there is a sequence n = (n 1 , n 2 , . . .), called the spherical index of T , such that for every ℓ ≥ 1 a vertex in V ℓ−1 is joined by edges to n ℓ vertices in V ℓ . We assume that n ℓ ≥ 2 for ℓ ≥ 1. A spherically homogeneous tree T is d-ary if its spherical index n = (n 1 , n 2 , . . .) is constant, that is, n ℓ = d for some positive integer d. If d = 2, then the tree T is called a binary tree.
Let (X, G, Φ) be a minimal equicontinuous action, U x = {U ℓ } ℓ≥0 be a neighborhood basis at x ∈ X, and let G x = {G ℓ } ℓ≥0 be an associated group chain, see Section 2 for the definitions of these objects. For ℓ ≥ 0, identify the vertex set V ℓ with the coset space X ℓ = G/G ℓ . Join v ℓ ∈ V ℓ and v ℓ+1 ∈ V ℓ+1 by an edge if and only if v ℓ+1 ⊂ v ℓ as cosets. The obtained tree is spherically homogeneous, with entries n ℓ = |G ℓ−1 : G ℓ | in the spherical index n, for ℓ ≥ 1.
An infinite path in T consists of a sequence of vertices (v ℓ ) ℓ≥0 such that v ℓ+1 and v ℓ are joined by an edge, for ℓ ≥ 0. The boundary ∂T of T is the collection of all infinite paths in T , and so it is the
and v ℓ are joined by an edge}.
With the relative topology from the (Tychonoff) product topology on ℓ≥0 V ℓ , ∂T is a Cantor set. It is immediate that the identification of vertex sets V ℓ with coset spaces X ℓ induces an identification of ∂T with the inverse limit space X ∞ defined by (8) , with points in X ∞ corresponding to infinite paths in ∂T .
The group G acts on the vertex levels V ℓ = X ℓ , ℓ ≥ 0 by permutations. Since the action of G preserves the containment of cosets, the action preserves the connectedness of the tree T , that is, the vertices v ℓ ∈ V ℓ and v ℓ+1 ∈ V ℓ+1 are joined by an edge if and only if for any g ∈ G the images g · v ℓ ∈ V ℓ and g · v ℓ+1 ∈ V ℓ+1 are joined by an edge. Thus every g ∈ G defines an automorphism of the tree T , and we can consider G as a subgroup of the group of tree automorphisms Aut(T ).
The composition of the map (14) with the identification X ∞ → ∂T is a homeomorphism φ : X → ∂T . The action of G on vertex levels V ℓ , ℓ ≥ 0 induces an action of G on ∂T by left translations, defined by (10) . Thus there is the induced map φ * : Φ(G) → Homeo(∂T ), and Φ(G) is identified with a subgroup of Homeo(∂T ). The action (∂T, Φ(G)) is minimal and equicontinuous since (X, G, Φ) is minimal and equicontinuous. A pair of maps
is called a tree representation of (X, G, Φ). If a group G is defined as a subgroup of Homeo(∂T ), then we often omit the trivial homomorphism Φ from our notation. REMARK 3.1. The choice of a group chain, associated to an action (X, G, Φ) is not unique, and, consequently, the choice of a tree representation (17) is not unique. Let U x and U ′ x be two adapted neighborhood bases for (X, G, Φ) with corresponding group chains {G ℓ } ℓ≥0 and {G ′ ℓ } ℓ≥0 . Let T and T ′ be trees with representations (17) constructed as above. By Proposition 2.7, up to passing to a subsequence we have a sequence of group inclusions
, and so there are finite-to-one surjective maps α ℓ : G/G ′ ℓ → G/G ℓ and β ℓ : G/G ℓ+1 → G/G ℓ ′ for ℓ ≥ 0, such that, for a given ℓ ≥ 0, the cardinality of preimage sets under α ℓ is constant for cosets in G/G ℓ , and a similar statement holds for β ℓ . It follows that there are finite-to-one maps α ℓ : V ′ ℓ → V ℓ and β ℓ : V ℓ+1 → V ′ ℓ which preserve the paths in T and T ′ , and are equivariant with respect to the action of G. Taking the inverse limit of such maps, we obtain homeomorphisms α ∞ : ∂T → ∂T ′ and β ∞ = α −1 ∞ : ∂T ′ → ∂T which conjugate the action of G on ∂T and ∂T ′ . From the above discussion and Remark 2.8, we deduce a necessary condition for actions on two trees T and T ′ to be conjugate. Namely, let n = (n 1 , n 2 , . . .) and n ′ = (n ′ 1 , n ′ 2 , . . .) be spherical indices for T and T ′ respectively. Then there must exist subsequences {i ℓ } ℓ≥0 and {i ℓ ′ } ℓ≥0 such that for all ℓ ≥ 0 the product n 1 n 2 · · · n i ℓ divides the product n ′ 1 n ′ 2 · · · n ′ i ℓ , and n ′ 1 n ′ 2 · · · n ′ i ℓ divides n 1 n 2 · · · n i ℓ+1 . . .} are distinct primes. Let T be another tree, with bounded spherically homogeneous index n. Since for ℓ ≥ 1 we have n ℓ ≤ m for some m ≥ 0, the set of divisors {k ∈ N | k|n ℓ for some ℓ ≥ 0} is bounded, and it follows by the criterion obtained in Remark 3.1 that there is no homeomorphism between the path spaces ∂ T and ∂T .
3.2.
Weakly branch groups. We define a class of weakly branch groups, and show that if a subgroup G ⊂ Homeo(∂T ) for a spherically homogeneous tree T is weakly branch, then the action (∂T, G) is not LQA.
Let v ∈ V ℓ , ℓ ≥ 1, be a vertex in a tree T . Denote by T v the subtree of T which contains all paths passing through v. These paths form a clopen subset of ∂T , which we denote by ∂T v .
For an element g ∈ G let supp(g) ⊂ ∂T be the set of paths in T not fixed by g. The rigid stabilizer of a vertex v ∈ V ℓ is the subgroup
and the rigid stabilizer of the ℓ-th level is the subgroup
where the last isomorphism holds since the rigid stabilizers of vertices at the same level commute.
Recall that an action (X, G, Φ) is effective if for any g ∈ G, g = e, there is x ∈ X such that g · x = x. If G is defined as a subgroup of Homeo(X), then its action is automatically effective, as the only element in Homeo(X) which fixes all points in X is the identity map. DEFINITION 3.3. [38, 7] Let G be a discrete finitely generated group acting minimally and effectively on the boundary ∂T of a spherically homogeneous tree T . Then G is weakly branch if for all ℓ ≥ 1, the rigid stabilizer Rist(ℓ) of the level ℓ is non-trivial.
We note the following property of rigid stabilizers. Proof. Clearly Rist(ℓ) is non-trivial if and only if Rist(z) is non-trivial for some z ∈ V ℓ . We show that if Rist(z) is non-trivial for some z ∈ V ℓ , then Rist(v) is non-trivial for any v ∈ V ℓ , which proves the statement. Indeed, since G acts minimally on ∂T , it acts transitively on V ℓ , and so there exists
We now show that a weakly branch action is not LQA. LEMMA 3.5. Let G be a discrete finitely generated group acting minimally and effectively on the boundary ∂T of a spherically homogeneous tree T . Suppose G is weakly branch. Then the action (∂T, G) is not LQA.
Proof.
Let v = (v ℓ ) ℓ≥0 ∈ ∂T be a path. To show that (∂T, G) is not LQA we prove that there exists a sequence of neighborhoods {U ℓ } ℓ≥0 of v and, for each ℓ ≥ 0, an element g ℓ ∈ G such that the restriction g ℓ |U ℓ+1 = id, while the restriction g ℓ |U ℓ is not the identity.
Let U ℓ = ∂T v ℓ , that is, U ℓ contains all paths in the subtree T v ℓ . Let z ℓ+1 = v ℓ+1 be a vertex in V ℓ+1 joined to v ℓ by an edge. Then ∂T v ℓ+1 ∩ ∂T z ℓ+1 = ∅, and ∂T v ℓ+1 ∪ ∂T z ℓ+1 ⊂ ∂T v ℓ . By Lemma 3.4 we can choose a non-trivial g ℓ+1 ∈ Rist(z ℓ+1 ). Its support is in ∂T z ℓ+1 , so g ℓ+1 |U ℓ+1 = id, while g ℓ+1 |U ℓ = id.
We say that an action (X, G, Φ) is weakly branch if Φ(G) ⊂ Homeo(X) is a weakly branch group.
Examples of actions which are not LQA and not weakly branch are constructed in the proof of Theorem 1.4 in Section 5. Let w = w 1 w 2 · · · w ℓ be a word of length ℓ with w ℓ ∈ {0, 1, . . . , d − 1}, then w determines a vertex in V ℓ . For simplicity, from now on we say that w is a vertex in V ℓ . As in Section 3.2, denote by T w a subtree of T which contains all infinite paths which start with the word w, and by ∂T w the corresponding clopen subset of ∂T , that is,
Since for all i ≥ 0 the labels w i take values in the same set {0, 1, . . . , d − 1}, for each w ∈ V ℓ there is a homeomorphism
Note that ∂T = ∂T 0 ∪ ∂T 1 ∪ · · · ∪ ∂T d−1 . Let h ∈ Aut(T ), and let σ h,1 be the non-trivial permutation of {0, 1, . . . , d−1} induced by the action of h on T . For 0 ≤ k ≤ d−1, define the section h| k ∈ Aut(T ) of h by setting, for every infinite path s ∈ ∂T ,
Then we can write the element h as the composition of maps
Intuitively, (22) splits the action of h on s into two stages: first we apply the permutation σ h,1 to V 1 , and then a suitable automorphism to each subtree T k , for 0 ≤ k ≤ d − 1.
REMARK 3.6. Let T be a d-ary tree, and let g ∈ Aut(T ). For ℓ ≥ 0 we have |V ℓ | = d ℓ , and we can use a similar procedure to the one described above to write g as the composition
where σ g,ℓ is the permutation of vertices in V ℓ induced by the action of g, and g| k ∈ Aut(T ), 0 ≤ k ≤ d ℓ − 1 are the sections of g at vertices of V ℓ . REMARK 3.7. The representation of an automorphism of a tree T in (22) and in Remark 3.6 uses the fact that the tree T is d-ary, and so for any finite word w in the alphabet {0, 1, . . . , d − 1} there is a homeomorphism (20) . This construction can be generalized to the case when T is not d-ary, but its spherical index n = (n 1 , n 2 , n 3 , . . .) is periodic, that is, there is m ≥ 1 such that n i+m = n i for all i ≥ 1. In that case the map (20) is defined for finite words w of length km, and formula (23) is defined for ℓ = km, for integer k ≥ 1. On the other hand, if, for instance, the spherical index n is strictly increasing, then (20) is never defined, and we cannot define elements of Aut(T ) similarly to (23) . REMARK 3.8. The spherical index n = (n 1 , n 2 , . . .) of a tree T is bounded, if there exists m ≥ 0 such that n i ≤ m for all i ≥ 1. A periodic spherical index as in Remark 3.7 is bounded, but a bounded spherical index need not be periodic. Indeed, let p, q be distinct primes, and define the spherical index n by n 2 i = p, and n k = q for k = 2 i , i ≥ 0. Then n is bounded but not periodic. Moreover, for a tree T with such spherical index, the map (20) is never defined, and it is not possible to define elements of Aut(T ) similarly to (23).
Invariant random subgroups
In this section we recall the necessary background on invariant random subgroups (IRS). One can also consult, for instance, references [1, 21, 22] .
Recall from the Introduction that we denote by Sub(G) the space of closed subgroups of a discrete finitely generated group G equipped with the Chaubaty-Fell topology. Open sets in Sub(G) are given by (4) . The space Sub(G) is a compact totally disconnected space, and G acts on Sub(G) by conjugation. By Definition 1.12, an invariant random subgroup µ is a Borel probability measure on Sub(G). Now, let (X, G, Φ) be an equicontinuous minimal action, and consider the mapping
which assigns to each x ∈ X its stabilizer. Stabilizers of points in the same orbit in (X, G, Φ) are conjugate, so (24) maps the orbit of x in X onto the orbit of G x in Sub(G). The map (24) need not be injective. For instance, if (X, G, Φ) is a free action, then for any x ∈ X we have G x = {e}, where e is the identity in G. In this case the image of (24) is the trivial subgroup.
The properties of the mapping (24) were studied in many works. We recall the following result. Since a minimal equicontinuous action (X, G, Φ) is uniquely ergodic with invariant measure µ, it follows that the pushforward ν = St * µ is an IRS. For instance, if (X, G, Φ) is a free action, then ν is an atomic measure supported on a single point in Sub(G). At the other extreme, if X = ∂T is a boundary of a d-ary tree T , and G is weakly branch, then the stabilizers of all points in X are pairwise distinct [7, Proposition 8] , and it follows that ν is non-atomic. (3), contains all points at which the mapping (24) is continuous. Further, recall that Z = {G x | x ∈ X 0 }, see (6) .
We now study metric properties of the action of G on Sub(G). For that we define a metric on Sub(G) as in [1, Section 3] .
Let S be a finite symmetric generating set for G. Given a subgroup H ⊂ G, construct the Schreier graph Γ G/H as follows: the cosets in G/H are the vertices of Γ G/H , and two vertices hH and gH are joined by an edge, directed from hH to gH and labeled by s ∈ S if and only if gH = shH. We define a length structure on Γ G/H by assigning length 1 to each edge. The length structure defines a length metric D Γ G/H on Γ G/H , such that the distance between any two points in Γ G/H is equal to the length of the shortest path between these points. The graph Γ G/H has a distinguished vertex which is the coset of the identity eH, so Γ G/H is a pointed metric space. Denote by B Γ G/H (r) a metric ball of radius r in Γ G/H centered at eH. Given Denote the set of all Schreier graphs associated to closed subgroups of G by
We define a metric on Sch(G, S) by setting
The metric space Sch(G, S) is compact. The action of G on Sch(G, S) is defined as follows: for g ∈ G we set g · Γ G/H = Γ G/gHg −1 . It is fairly straightforward to see that if distinguished vertices are not taken into account, then the graphs Γ G/H and Γ G/gHg −1 are isomorphic, so we can think about the action of G on Γ G/H as moving the distinguished vertex to the coset of gH. It is immediate that the map
is a homeomorphism which commutes with the action of G on Sub(G) and Sch(G, S). Proof. A minimal finite subset is necessarily a periodic orbit, which gives one implication. For the converse, suppose the action of G on Y is equicontinuous. We show that in this case Y consist of isolated points. Since it is closed in the compact space Sch(G, S), it must be finite.
Fix a sufficiently small 0 ≤ ǫ < 1, in particular, we can take ǫ = 1/2 k for k > 1. Let δ > 0 be such that if D Sch (Γ G/H1 , Γ G/H2 ) < δ, then D Sch (g · Γ G/H1 , g · Γ G/H2 ) < 1/2 k . This means that for any g ∈ G, there is an isomorphism between balls of radius k centered at gH 1 ∈ Γ G/H1 and gH 2 ∈ Γ G/H2 . It follows that Γ G/H1 = Γ G/H2 , and Y consist of isolated points.
A metric on the space Sub(G) can be defined as a pullback of the metric (25) along the map (26) . Such a metric depends on the choice of the generating set S. Yet, the conclusion of Lemma 4.3 is true for any finite generating set, i.e., it is independent of the particular choice.
Stabilizers of actions
For a minimal equicontinuous action (X, G, Φ), we study how the number of distinct stabilizers of points in X depends on whether the action is locally quasi-analytic (LQA), see Definition 1.3. We prove Theorems 1.4 and 1.5.
We restate Theorem 1.4 for the convenience of the reader. THEOREM 5.1. There exist minimal equicontinuous actions which are not LQA, and which contain distinct points with equal stabilizers. More precisely, given any minimal equicontinuous action (Y, G, Φ), which is not LQA, there exists a minimal equicontinuous action (X, G, Φ), where X = Y × {0, 1}, such that (X, G, Φ) is not LQA, and for any y ∈ Y there is at least two points x 0 , x 1 ∈ X such that G y = G x0 = G x1 , where G y , G x0 , G x1 are stabilizers of the respective actions.
Proof. The space X = Y ×{0, 1} is a Cantor set. For each g ∈ G define a homeomorphism g : X → X by g(y, k) = (g(y), k), (27) that is, the action of g preserves the second component. Define the homeomorphism z : X → X by z(y, k) = (y, k + 1 mod 2), (28) so z preserves the first component of the product space X, and interchanges 0 and 1 in the second component. Then z commutes with g, for any g ∈ G. Let
that is, G is generated by elements defined by (27) for g ∈ G, and by z. In particular, if {g 0 , . . . , g n } is a generating set of G, then { g 0 , . . . , g n , z} is a generating set of G.
By the above, we have defined an action Φ : G → Homeo(X). The action (X, G, Φ) is minimal, since the action (Y, G, Φ) is minimal. It is easy to see that since (Y, G, Φ) is equicontinuous, then (X, G, Φ) is also equicontinuous, using, for instance, Proposition 2.3 and finiteness of {0, 1}.
Since (Y, G, Φ) is not LQA, for any y ∈ Y there exists a sequence of open neighborhoods {U ℓ } ℓ≥0 ⊂ Y and a sequence of elements E = {g ℓ } ℓ≥0 ⊂ G such that g ℓ |U ℓ = id and g ℓ |U ℓ+1 = id. For (y, k) ∈ X, consider a collection {U ℓ × {k}} ℓ≥0 of clopen neighborhoods of (y, k), and a collection of elements { g ℓ } ℓ≥0 , where g ℓ is defined by (27) with g ℓ ∈ E. Then g ℓ |(U ℓ × {k}) = id, and g ℓ |(U ℓ+1 × {k}) = id, so the action (X, G, Φ) is not LQA. Fix a generating set { g 0 , . . . , g n , z} of G, and note that z −1 = z. Let y ∈ Y , x 0 = (y, 0) and x 1 = (y, 1). Consider the stabilizers G x0 and G x1 . We can represent h ∈ G x0 as a finite word h = z α0 g i0 z α1 g i1 · · · z αm g im , (29) where m is a natural number, α s ∈ {0, 1} and g is is a generator for 0 ≤ s ≤ m. Since h fixes x 0 and z commutes with other generators of G, the representation (29) reduces to
and by (27) this means that g i0 g i1 · · · g im (y) = y. Then h(x 1 ) = h(y, 1) = (g i0 g i1 · · · g im (y), 1) = (y, 1) = x 1 , and so h ∈ G x1 . Thus G x0 ⊂ G x1 . The reverse inclusion follows by a similar argument, and we have
Recall from the Introduction that a point x ∈ X has trivial holonomy, or is without holonomy, if
, then x has non-trivial holonomy, or is a point with holonomy. Recall from the Introduction that we denote the subset of points with trivial holonomy by
We restate Theorem 1.5 for the convenience of the reader. Proof. In the following, let x ∈ X 0 , and let U x = {U ℓ } ℓ≥0 , U 0 = X, be an adapted neighborhood system at x, and recall from Section 2.2 that the set G ℓ = {g ∈ G | g · U ℓ = U ℓ } is a group. Denote by Φ ℓ : G ℓ → Homeo(U ℓ ), or by (U ℓ , G ℓ , Φ ℓ ) the action of G restricted to U ℓ , for ℓ ≥ 0.
Suppose (X, G, Φ) is LQA with ǫ ≥ 0, and let ℓ ≥ 0 be such that diam(U ℓ ) < ǫ. Then for any open set W ⊂ U ℓ , if g|W = id|W , then g|U ℓ = id|U ℓ . In particular, if y ∈ U ℓ is without holonomy, then every element which fixes every point in an open neighborhood of y in U ℓ must fix every point in U ℓ . So G y = ker{Φ ℓ : G ℓ → Homeo(U ℓ )}, for all y ∈ X 0 ∩ U ℓ . The group ker(Φ ℓ ) is a normal subgroup of G ℓ , but it need not be normal in G. Let y ∈ g · U ℓ ∩ X 0 be another point without holonomy. Then there exists a unique y ∈ U ℓ ∩ X 0 such that y = g · y. Then we have
so for all y ∈ g · U ℓ ∩ X 0 the stabilizers are equal, G y = g ker(Φ ℓ )g −1 . Since the orbit of U ℓ under the action of G is finite, ker(Φ ℓ ) has a finite number of distinct conjugates in G, and the set {G x | x ∈ X 0 } is finite. Now suppose that the action (X, G, Φ) is not LQA. Given x ∈ X, we show that the set {G g·x | g ∈ G} is infinite by induction. Namely, for each ℓ ≥ 1 we find a subset of the orbit G(x) = {z ∈ X | z = g · x, g ∈ G} of cardinality 2 ℓ such that all points in this subset have pairwise distinct stabilizers.
Since (X, G, Φ) is not LQA, there exists an element g 0 ∈ G which satisfies g 0 |U 1 = id, and such that g 0 |(X − U 1 ) is not the identity. Choose z ∈ X − U 1 such that g 0 · z = z. By continuity there is an open neighborhood O ∋ z such that g 0 fixes no point in O. Choose an index s 1 ≥ 1 large enough so that for some h s1 ∈ G we have z ∈ h s1 · U s1 ⊂ O, then for any z ′ ∈ h s1 · U s1 we have g 0 · z ′ = z ′ . Set W 0 = U s1 , and W 1 = h s1 · U s1 . Then for any z ∈ W 0 we have g 1 ∈ G z , in particular, for y 0 = x. For any z ∈ W 1 we have g 1 / ∈ G z . Since the action is minimal and the set W 1 is open, we can choose y 1 ∈ G(x) ∩ W 1 . Now suppose we are given a finite collection of clopen sets W k1 , W k1k2 , · · · , W k1k2···kn , where k i ∈ {0, 1} for 1 ≤ i ≤ n. That is, we have a collection of clopen sets labelled by finite words of length 1 ≤ i ≤ n, consisting of 0's and 1's. We assume that this collection has the following properties:
(1) For every 1 ≤ i < n and every word k 1 · · · k i+1 we have an inclusion W k1···ki+1 ⊂ W k1···ki .
That is, every set W k1···ki labelled by a word of length i contains precisely two clopen sets labelled by words of length i + 1, W k1···ki0 and W k1···ki1 . (2) For every 1 ≤ i < n and every word k 1 k 2 · · · k i there is an element g k1k2···ki0 ∈ G such that the restriction g k1k2···ki0 |W k1k2···ki0 is the identity, and for every z ∈ W k1k2···ki1 we have g k1k2···ki0 · z = z. We claim that for any two distinct points y j1j2...jn and y k1k2...kn in the collection given by property (3), the stabilizers G yj 1 j 2 ...jn and G y k 1 k 2 ...kn are distinct. Indeed, consider the words j 1 j 2 . . . j n and k 1 k 2 . . . k n , and let s be the first digit such that j s = k s . Without loss of generality, we can assume that j s = 0 and k s = 1. Then by (1) and (2) we have g j1j2...js−10 ∈ G yj 1 j 2 ...jn and g j1j2...js−10 / ∈ G y k 1 k 2 ...kn , so G yj 1 j 2 ...jn = G y k 1 k 2 ...kn .
We now enlarge the collection of points in condition (3) by implementing the inductive step.
For each k 1 k 2 . . . k n we have y k1k2...kn ∈ W k1k2...kn , where y k1k2...kn ∈ G(x). Since the action is not LQA, there exists a clopen neighborhood W of y k1k2...kn properly contained in W k1k2...kn , and an element g k1k2...kn0 ∈ G such that the restriction g k1k2...kn0 |W is the identity, while the restriction g k1k2...kn0 |(W k1k2...kn − W ) to the complement of W in W k1k2...kn is not the identity. Let z ∈ W k1k2...kn − W be so that g k1k2...kn0 (z) = z. By continuity there is a neighborhood W ′ ∋ z such that for every z ′ ∈ W ′ we have g k1k2...kn0 (z ′ ) = z ′ .
Choose an index s n+1 ≥ 0 and h 0 , h 1 ∈ G such that y k1k2...kn ∈ h 0 · U sn+1 ⊂ W and h 1 · U sn+1 ⊂ W ′ , for an adapted neighborhood U sn+1 ∈ U x . Set W k1k2...kn0 = h 0 · U sn+1 , and W k1k2...kn1 = h 1 · U sn+1 . Then for every point y ′ ∈ W k1k2...kn0 we have g k1k2...kn0 ∈ G y ′ , and for every z ′ ∈ W k1k2...kn1 we have g k1k2...kn0 / ∈ G z ′ . We set y k1k2...kn0 = y k1k2...kn . Since the action is minimal, we can choose z ′ ∈ G(y 0 ) ∩ W k1k2...kn1 , and then set y k1k2...kn1 = z ′ . The collections of neigborhoods W k1 , W k1k2 , · · · , W k1k2...kn+1 , of elements g 0 , g k10 , . . . , g k1···kn0 and of points y k1k2...kn+1 we have constructed satisfies (1)-(3).
For n ≥ 1, we have #{y k1k2...kn | k i ∈ {0, 1}, 1 ≤ i ≤ n} = 2 n , and all points in this set are contained in the orbit G(x) and have distinct stabilizers. It follows {G x | x ∈ X 0 } is infinite.
Points with non-trivial holonomy
In this section we prove Theorem 1.9. Before we start we recall the conditions in the hypothesis of Theorem 1.9, and a few results needed in the proof. 6.1. Bounded spherical index. Recall from Section 3.1 that every minimal equicontinuous group action (X, G, Φ) admits a representation as an action on the boundary of a tree. More precisely, there exists a spherically homogeneous tree T with spherical index n = (n 1 , n 2 , . . .), and a homeomorphism φ : X → ∂T , where ∂T denotes the boundary of T , which induces an identification of every g ∈ G with an automorphism of T . Thus φ induces an injective homomorphism φ * : Φ(G) → Homeo(∂T ), and so a tree representation is given by a pair of maps (φ, φ * ) : (X, Φ(G)) → (∂T, Homeo(∂T )).
The spherical index n = (n 1 , n 2 , . . .) is bounded, if there exists m ≥ 2 such that for any ℓ ≥ 1 we have m ≥ n ℓ . The first hypothesis of Theorem 1.9 is that the action (X, G, Φ) admits a representation on a tree with bounded spherical index.
Uniformly non-constant actions.
Let T be a spherically homogeneous tree. For a vertex v ℓ ∈ V ℓ , we denote by T v ℓ the subtree through the vertex v ℓ , and by ∂T v ℓ the set of paths in ∂T which contain v ℓ . The set ∂T v ℓ is a clopen subset of ∂T . We recall Definition 1.8 from the Introduction, which we restate now for the convenience of the reader. DEFINITION 6.1. Let T be a spherically homogeneous tree, and let G ⊂ Homeo(∂T ) be a group. The action of g ∈ G on ∂T is uniformly non-constant if the following holds: there are positive integers n g and K g such that for any ℓ ≥ n g and any vertex v ℓ ∈ V ℓ , if g fixes v ℓ and g|∂T v ℓ = id, then there exists m ≥ ℓ and a vertex w m ∈ V m ∩ T v ℓ such that g · w m = w m and m − ℓ ≤ K g .
The action of the group G is uniformly non-constant if and only if the action of every g ∈ G is uniformly non-constant. REMARK 6.2. Intuitively, Definition 6.1 means that, given g ∈ G, for each clopen set W ⊂ ∂T such that g|W = id, the size of the set U ⊂ W where every point is moved by the action of g ∈ G is proportional to the size of W . For example, let ∂T be given a metric induced from (11) , that is, for two infinite sequences s = s 1 s 2 · · · and t = t 1 t 2 · · ·
Note that if g · w m = w m , then g does not fix any point in the clopen set ∂T wm . Then Definition 6.1 can be reformulated as follows: the action of G on ∂T is uniformly non-constant if and only if for every g ∈ G there are integers K g > 0 and n g > 0 such that the following holds: for any ℓ ≥ n g and any vertex v ℓ ∈ V ℓ if g fixes v ℓ and g|∂T v ℓ = id, then there exists a vertex w m ∈ V m ∩ T v ℓ such that g does not fix any point in ∂T wm and diam(T wm )/diam(T v ℓ ) ≥ 2 −Kg . EXAMPLE 6.3. We give an example of a uniformly non-constant action. Let T be a d-ary tree, and let G ⊂ Aut(T ) be a group acting on T , and suppose that the action of any g ∈ G can be computed by a finite automaton [38] . This is equivalent to saying that for every g ∈ G the set of
Number the elements in S g , that is, S g = {h 1 , . . . , h k } for some k ≥ 0. For each 1 ≤ i ≤ k, there exists ℓ i ≥ 0 and a vertex w ℓi ∈ V ℓi such that h i (w ℓi ) = w ℓi . Then h i does not fix any point in the subtree ∂T w ℓ i . Let
Now, suppose g ∈ G fixes a vertex v ∈ V ℓ . Then g|∂T v = g| v = h i for some 1 ≤ i ≤ k, and Definition 6.1 is satisfied with constant K g defined by (32) , and n g = 1. We conclude that the action (∂T, G) is uniformly non-constant.
An automaton is bounded if the set of sections {g| v | g| v = id, v ∈ V ℓ } has uniformly bounded cardinalities over all ℓ ≥ 1. Actions generated by bounded finite automata is a subclass of the action generated by finite automata, and so such actions are uniformly non-constant. Example 6.4 describes an action which is not uniformly non-constant. EXAMPLE 6.4. Let T be a d-ary tree, for d ≥ 3, and let H ⊂ Aut(T ) be a group which acts minimally and equicontinuously on ∂T . We define an element c ∈ Aut(T ) whose action on ∂T is not uniformly non-constant. Then the action of G = c, H on ∂T is not uniformly non-constant.
We define the action of c inductively on each vertex set V ℓ , ℓ ≥ 1. On V 1 , c permutes the vertices labelled by 0 and 1, and fixes the remaining vertices. Then for all k ≥ 1 and all d k < i ≤ d k+1 − 1, define the action of c as follows. Let v ∈ V i , and let w ∈ V i−1 be the unique vertex joined to v by an edge, that is, v = ws, where 0 ≤ s ≤ d − 1. Then define c · ws = (c · w)s, that is, the action preserves the i-th digit, and it may or may not move one of the preceeding digits. For i = d k , if c · w = w, define c · ws = (c · w)s. If c · w = w, then set c · w0 = w1, c · w1 = w0, c · ws = ws for s ∈ {2, . . . , d − 1}, (33) so the action fixes all vertices connected to w except w0 and w1. Since the action of H is minimal, the action of G is minimal. The elements of G act by permutation on every V ℓ , ℓ ≥ 0, so the action of G on ∂T is equicontinuous. For every k ≥ 0, there exists v k ∈ V d k such that g · v k = v k , and for every d k + 1 ≤ i ≤ d k+1 − 1 every vertex in T v k ∩ V ℓ is fixed by the action of c. Since d k → ∞, this implies that the action of c on ∂T is not uniformly non-constant. It follows that the action of G on ∂T is not uniformly non-constant. 6.3. Lebesgue density. Let (X, G, Φ, µ) be a minimal equicontinuous action, where µ is an invariant probability measure. As we discussed in Section 2.1, a choice of an adapted neighborhood system for the action allows us to give X an ultrametric D, given by (11) or (12) . A Cantor set X is a Polish space, and so the following result of Miller [37] applies. 
exists and is equal to 1 for µ-almost every x ∈ A.
6.4. Proof of Theorem 1.9. For the convenience of the reader we restate Theorem 1.9. THEOREM 6.6. Let (X, G, Φ, µ) be a minimal equicontinuous group action. Suppose (X, G, Φ, µ) admits a representation (φ, φ * ) : (X, Φ(G)) → (∂T, Homeo(∂T )) on the boundary of a spherically homogeneous tree T which satisfies the following two conditions:
Proof. Given g ∈ G, let Fix(g) = {x ∈ X | g · x = x} be the set of fixed points, containing both points with and without holonomy. By continuity, if g · z = z, then there is an open neighborhood W of z such that for every z ′ ∈ W we have g · z ′ = z ′ . Therefore, the complement of Fix(g) is open, and Fix(g) is Borel. The set Fix(g) may have positive measure, or measure zero.
Suppose g · x = x. We say that g has trivial holonomy at x ∈ X if g fixes every point in an open neighborhood of x. If g acts non-trivially on every open neighborhood of x, then g has non-trivial holonomy at x. We will show that, under the hypothesis of the theorem, the subset {x ∈ Fix(g) | g has trivial holonomy at x ∈ X} of Fix(g) has positive measure in X, while the subset {x ∈ Fix(g) | g has non-trivial holonomy at x ∈ X} of Fix(g) has zero measure in X. In particular, Fix(g) can have positive measure if and only if the element g fixes an open set in X.
First, suppose g has trivial holonomy at x ∈ Fix(g), and so fixes every point in B(x, ǫ) for some ǫ > 0. Then the Lebesgue density of x in Fix(g), given by (34) , exists and is equal to 1.
Next, suppose g has non-trivial holonomy at x ∈ Fix(g). We will show that the Lebesgue density of Fix(g) at x is bounded away from 1.
Let n = (n 1 , n 2 , . . .) be the spherical index of the tree T , given by the hypothesis of the theorem. Since n is bounded, there exists M > 0 such that n ℓ ≤ M for all ℓ ≥ 0. Let (v ℓ ) ℓ≥0 = φ(x), and for ℓ ≥ 0, let U ℓ = ∂T v ℓ be the clopen neighborhood of (v ℓ ) ℓ≥0 , consisting of all paths which contain the vertex v ℓ . Assume that ℓ ≥ n g , where n g is the integer given by Definition 6.1.
By Section 2.4 the measure of U ℓ is given by µ(U ℓ ) = 1 n 1 n 2 · · · n ℓ .
Since the action is uniformly non-constant, there exists a vertex w m ℓ ∈ U ℓ ∩ V m ℓ , for some m ℓ > ℓ, such that g · w m ℓ = w m ℓ and m ℓ − ℓ < K g , where K g is the constant given by Definition 6.1. Then µ(∂T wm ℓ ) = 1 n 1 n 2 · · · n ℓ n ℓ+1 · · · n m ℓ > 1 n 1 · · · n ℓ+Kg Since the neighborhood ∂T wm ℓ contains no points fixed by the action of g, we have the estimate
Using the bound on the spherical index of T given by n ℓ ≤ M for ℓ ≥ 0, we obtain
It follows that the Lebesgue density of Fix(g) at the point x is bounded away from 1. Then by Theorem 6.5, either Fix(g) has positive measure, and the subset of Fix(g) of points with non-trivial holonomy has measure zero in X, or Fix(g) only contains points with non-trivial holonomy, and has measure zero. So in any case Fix(g) has measure zero. Since the group G is countable, the union g∈G {x ∈ Fix(g) | g has non-trivial holonomy at x ∈ X} is a countable union of zero measure sets, and so has zero measure. Let T be a tree with a spherical index n = (n 1 , n 2 , . . .). Similarly to the case when T is a d-ary tree in Section 3.3, we label vertices in V ℓ , ℓ ≥ 1, by finite words of length ℓ. More precisely, for v ∈ V ℓ we have v = w 1 w 2 · · · w ℓ , where w i ∈ {0, 1, . . . , n ℓ − 1}. Then infinite paths in ∂T are in bijective correspondence with infinite sequences w 1 w 2 . . ., where w ℓ ∈ {0, 1, . . . , n ℓ − 1}. Such a path passes through the vertices v ℓ = w 1 . . . w ℓ , ℓ ≥ 1, so we also denote it by (v ℓ ) ℓ≥1 . EXAMPLE 6.8. Let T be a tree with unbounded spherical index, for example, take n = (p 1 , p 2 , . . .), where p ℓ for ℓ ≥ 1 are distinct primes. We define the generator of the adding machine action on T in the standard way by
The infinite cyclic group G = a acts transitively on every level V ℓ of T for ℓ ≥ 0. This action has no fixed points, so it is free and, in particular, essentially free. This example shows that the condition that T has unbounded spherical index alone is not sufficient to produce an action where the set of points with non-trivial holonomy has full measure.
Next, we define a homeomorphism b of ∂T . Suppose that in the spherical index n = (n 1 , n 2 , . . .) we have n ℓ ≥ 3 for ℓ ≥ 1. Recall that T v ℓ denotes the subtree of T containing all paths through a given vertex v ℓ = w 1 · · · w ℓ . Then the boundary ∂T v ℓ of T v ℓ consists of all infinite sequences starting with the finite word v ℓ .
The root v 0 is joined by edges to n 1 ≥ 3 vertices in V 1 , labelled by 0, 1, . . . , n 1 − 1. Let b fix the vertices 0, 1, . . . , n 1 − 3, and interchange the vertices n 1 − 2 and n 1 − 1. We define the action of b on the rest of the tree by induction.
So suppose the action of b on V ℓ is defined. Let v ℓ ∈ V ℓ , then v ℓ is joined by edges to n ℓ+1 vertices in V ℓ+1 which are labelled by words of length ℓ + 1, namely v ℓ 0, v ℓ 1, . . . , v ℓ (n ℓ+1 − 1). If b(v ℓ ) = v ℓ , then for 0 ≤ k ≤ n ℓ+1 − 1 we set b(v ℓ k) = b(v ℓ )k, that is, the action of b fixes the (ℓ + 1)-st entry in the sequence and only changes some of the preceding entries.
The set Fix(b) ⊂ ∂T is non-empty. For instance, every infinite sequence s = s 1 s 2 · · · with s ℓ ≤ n ℓ − 3 for ℓ ≥ 1 is fixed by b. The homeomorphism b does not fix any open sets. Indeed, if U ⊂ ∂T is open, it must contain a basic clopen set ∂T v ℓ , for some vertex v ℓ = w 1 · · · w ℓ . The set ∂T v ℓ in its turn contains a clopen set ∂T v ℓ (n ℓ+1 −2) ∪ ∂T v ℓ (n ℓ+1 −1) on which b acts non-trivially by (36) . Since b does not fix any open set, it has non-trivial holonomy at every point in Fix(b). Note that b satisfies Definition 6.1 with K b = 1 and n b = 1, so the action of b is uniformly non-constant. THEOREM 6.9. Let T be a spherically homogeneous tree with spherical index n = (n 1 , n 2 , . . .) such that n ℓ+1 > 2n ℓ . Let G = a, b ⊂ Aut(T ) where a is defined by (35) and b by (36) . Let µ be the uniform Bernoulli measure on ∂T . Then the following is true:
(1) The action (∂T, G, µ) is minimal and equicontinuous.
(2) The set of points in ∂T with non-trivial holonomy has full measure.
Proof. The orbits of the points in ∂T under the action of the cyclic group generated by a are dense in ∂T , so the action of G = a, b on ∂T is minimal. Since a and b act by permutations on each level V ℓ , ℓ ≥ 0, the action of G on ∂T is equicontinuous.
Let ∂T be given ultrametric (11) or (12) . We show that the Lebesgue density of Fix(b) at every point in Fix(b) is 1, and so Fix(b) must have positive measure. It follows that the set {x ∈ ∂T | [G] x = G x } of points with non-trivial holonomy has full measure, since it is invariant under the action of G.
Let (v ℓ ) ℓ≥0 ∈ Fix(b) be an infinite path, and denote by U ℓ = ∂T v ℓ the subset of sequences in ∂T which start with the finite word v ℓ = w 1 · · · w ℓ for ℓ ≥ 1, and set U 0 = ∂T . Then µ(U ℓ ) = 1 n 1 n 2 . . . n ℓ .
We first obtain an upper estimate on the measure of the complement U ℓ − Fix(b).
For each ℓ ≥ 0 the element b permutes two cylinder subsets of U ℓ , and we have for these subsets
Next, each clopen set ∂T v ℓ 0 , ∂T v ℓ 1 , . . . , ∂T v ℓ (n ℓ+1 −3) contains two cylinder sets of measure 1 n1n2···n ℓ+2 permuted by b. The measure of the union of these sets is equal to 2(n ℓ+1 − 2) n 1 n 2 · · · n ℓ+2 < 2n ℓ+1 n 1 · · · n ℓ+2 = 1 n 1 n 2 · · · n ℓ · 2 n ℓ+2 .
Inductively, we obtain that µ(U ℓ −Fix(b)) = 1 n 1 · · · n ℓ 2 n ℓ+1 + 2(n ℓ+1 − 2) n ℓ+1 n ℓ+2 + 2(n ℓ+1 − 2)(n ℓ+2 − 2) n ℓ+1 n ℓ+2 n ℓ+3 + · · · < 1 n 1 · · · n ℓ k≥1 2 n ℓ+k .
By assumption n ℓ+k > 2 k−1 n ℓ+1 for k ≥ 2, therefore, k≥1 2 n ℓ+k < 2 n ℓ+1 1 + 1 2 + 1 2 2 + · · · = 4 n ℓ+1 , and so µ(U ℓ − Fix(b)) < 4 n 1 n 2 . . . n ℓ+1 .
It follows that µ(Fix(b) ∩ U ℓ ) > 1 n 1 · · · n ℓ − 4 n 1 · · · n ℓ+1 , which implies that
Since n ℓ → ∞ as ℓ → ∞, we obtain that the Lebesgue density of the set Fix(b) at (v ℓ ) ℓ≥0 is 1. EXAMPLE 6.10. Let G = a, b be an action on ∂T as in Theorem 6.9, and suppose in addition that the entries of the spherical index n = (n 1 , n 2 , . . .) are distinct primes. Then by Remark 3.2 (∂T, G, µ) does not admit a representation on the boundary of a tree with bounded spherical index. Thus we obtain an example of an action for which every tree representation is on the boundary of a tree with unbounded spherical index, and where the set of points with non-trivial holonomy has positive measure. REMARK 6.11. We note that in the examples by Bergeron and Gaboriau [8] and Abért and Elek [2] , similarly to Example 6.10, the spherical index of the associated tree representation (equivalently, the index |Γ ℓ+1 : Γ ℓ | of subgroups in the associated group chain) is not bounded.
Applications
7.1. Invariant random subgroups. We now prove Theorem 1.13. Again, we restate it first for the convenience of the reader.
Recall that Sub(G) denotes the space of all closed subgroups of G with the Chaubaty-Fell topology, and there is a mapping St : X → Sub(G) : x → G x , where G x denotes the stabilizer of x. This mapping is described in more detail in Section 4.
Recall that X 0 = {x ∈ X | G x = [G] x } is the set of points with trivial holonomy in X, and that
Further, recall that two measure-preserving systems (X, G, Φ, µ) and (Y, G, Ψ, ν) are isomorphic in the measure-theoretical sense if there are sets of full measure X 0 ⊂ X and Y 0 ⊂ Y invariant under the action of G, and a bi-measurable bijection ψ : X 0 → Y 0 such that µ(ψ −1 (A)) = ν(A) for all measurable A ⊂ Y 0 and ψ conjugates the action of G on X 0 and Y 0 , that is, ψ(Φ(g) · x) = Ψ(g) · ψ(x) for all x ∈ X 0 .
In this case we call ψ a measure-theoretical isomorphism. We also refer to an everywhere defined measurable map η : X → Y in this way if η(x) = ψ(x) with x ∈ X 0 for some ψ and X 0 as before.
THEOREM 7.1. Let (X, G, Φ, µ) be a minimal equicontinuous action on a Cantor set X which satisfies the hypothesis of Theorem 1.9. Then the IRS ν = St * µ is supported on Z, and (X, G, Φ) is not locally quasi-analytic (not LQA) if and only if ν is non-atomic. If, in addition, St : X 0 → Sub(G) is injective, then St provides a measure-theoretical isomorphism between (X, G, Φ, µ) and (Z, G, ν).
Proof. Since (X, G, Φ, µ) satisfies the hypothesis of Theorem 1.9, the set of points X−X 0 has measure zero in X. It follows that the pushforward measure ν = St * µ is supported on Z. By Theorem 1.5, Z is infinite if and only if the action (X, G, Φ, µ) is not LQA. Therefore, ν is non-atomic if and only if the action (X, G, Φ, µ) is not LQA.
For the second statement, let Y 0 = {G x ∈ Sub(G) | x ∈ X 0 }. Then Z = Y 0 . By assumption, the map St : X 0 → Y 0 is injective and, by the above, ν is supported on Z. By Theorem 1.9, X 0 has full measure, and so Y 0 has full measure. It follows that (X, G, Φ, µ) and (Z, G, ν) are measure-theoretically isomorphic.
Mean equicontinuous actions.
Recall from the Introduction the definitions of the sets Z and X, see (6) and (7), as well as of the almost one-to-one factor map η : X → X. Moreover, recall that any continuous action has a unique (up to conjugacy) maximal equicontinuous factor, in the sense that any other equicontinuous factor is also a factor of this maximal one, see for instance [5] .
PROPOSITION 7.2 ([16, V(6.1)5, page 480]). If (Y, G, Ψ) is a minimal extension of an equicontinuous system (X, G, Φ) via a corresponding factor map which is almost one-to-one, then (X, G, Φ) is the maximal equicontinous factor of (Y, G, Ψ).
We first show Theorem 1.15 which provides the following alternative characterization of LQA actions. THEOREM 7.3. Let (X, G, Φ) be a minimal and equicontinuous action. We have that (X, G, Φ) is locally quasi-analytic if and only if the almost one-to-one extension η : X → X is a conjugacy.
Proof. First, assume that (X, G, Φ) is LQA. By Theorem 1.5, Z is finite, and the action of G on Z by conjugation is equicontinuous. Then the product action of G on X × Z is also equicontinuous, see [5, Lemma 4 in Chapter 2] . This in turn implies that the orbit closure of every point in X × Z is minimal, see [5, Lemma 3 in Chapter 2]. Now, using that X is the unique minimal subset in {(x, G x ) | x ∈ X} ⊂ X × Sub(G) by [25, Proposition 1.2 (3)], we get that X = X × Z. Finally, since η : X → X is almost one-to-one, we have that (X, G, Φ) is the maximal equicontinuous factor of ( X, G,Φ), by Proposition 7.2, but this immediately implies that η must be a conjugacy.
For the opposite direction, assume that η is a conjugacy. Then the action of G on X is equicontinous. Moreover, since Z is a factor system of X (simply by projecting in the second coordinate), we get that the action of G on Z by conjugation is equicontinuous as well, see [5, Corollary 6 in Chapter 2]. Hence by Lemma 4.3, Z is finite and so, by Theorem 1.5, the action (X, G, Φ) is LQA.
In closing, let us now deduce Corollary 1.16, which is a direct consequence of the following equivalent characterization of mean equicontinuity for general minimal actions by amenable groups.
THEOREM 7.4 ([20, Corollary 1.5]). Let (Y, G, Ψ) be minimal, G amenable and denote by (X, G, Φ) the maximal equicontinuous factor of (Y, G, Ψ). Furthermore, let η : Y → X be the corresponding factor map and µ the unique invariant measure of (X, G, Φ). Then (Y, G, Ψ) is mean equicontinuous if and only if (Y, G, Ψ) has a unique invariant measure ν = η * µ and the factor map η provides a measure-theoretical isomorphism between (Y, G, Ψ, ν) and (X, G, Φ, µ).
Proof. (of Corollary 1.16). By Proposition 7.2, the action (X, G, Φ) is the maximal equicontinuous factor of ( X, G, Φ). Further, under the hypothesis of Theorem 1.9, we know that µ(X 0 ) = 1. This implies immediately that ( X, G, Φ) has a unique invariant measure which is the pushforward ν = η * µ and η provides a measure-theoretical isomorphism between ( X, G, Φ, ν) and (X, G, Φ, µ). By using the previous theorem, we obtain Corollary 1.16.
